1. Assume f € L'(R,m) where m is the Lebesgue measure. Let FE, = {z : f(z) > n?}.
Prove or disprove

a) m(E,) - 0asn — oo
b) [g, U fdm — 0 as n — 0o

c) there is a set B of Lebesgue measure 0 such that f(z) — 0 as x — oo for = ¢ B.

2. Let f be a Lebesgue measurable extended real valued function on [0, 1]. Let p € [1, 00)
and r > 0, and suppose we have fol 7" | f(z)]P dz < co. Prove that

lim ¢ (50) /tf(x) dz = 0,
0
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3. Consider the Lebesgue measure in R?. Suppose E C [0, 1] is measurable. Let
E,={y€0,1]; (z,y) € E} and E,={z€][0,1]; (z,y) € E}.
Show that if yu(E,) = 0 for p-a.c. z € [0, 3], then
pr({y € 0,1]; po(By) =1}) < 3.

4. Show that for a.e. z € [0,1] and for every vy > 2

[ee] n

5. Let p be a measure on R that is absolutely continuous with respect to the Lebesgue
measure m and with Radon-Nikodym derivative equal to e™®. Assume that f, are
p-measurable functions with [, |f,|du < = for all n € N. Prove or disprove that for

Lebesgue a.e. x € [0,1],

L ) =0
if
a) v =1,
b) vy =2

6. Let (X, A, i) be a measure space and f,, € LY(X, A, u). If f, — f p-a.e., show that
there exist sets H, B, € A such that X = H U (U2 Ey), w(H) = 0 and f, — f
uniformly on each E}.



