COMPLEX ANALYSIS

Qualifying Exam

Thursday, September 17, 2015 — 1:00 pm - 3:30 pm, MSTB 122
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Problem 1.

Prove that the series ) ” | £; converges uniformly in the unit disc |z] < 1.
Does the series obtained by term-by-term differentiation converge uni-
formly in the unit disc? Explain your answer.



Problem 2.

Let f be an entire function and suppose that there exists a bounded se-

quence {a,} of real numbers such that f(a,,) is real for all n € N. Prove that
f(x) is real for all real z.



Problem 3.

Evaluate
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Problem 4.

How many roots does the equation z + e * = @, a € R,a > 1, have in the
right half plane?



Problem 5.

Find a real valued function u(z) that is continuous in the closed disc D(0, R)
(that is, closed disc centered at 0 of radius R > 0) and harmonic in D(0, R),
and satisfies

u(Re') = %(1 +cos0), € [0,2n).



Problem 6.

Consider a non-constant polynomial
P(2) = ap2" + ap12" P+ .. carz+ag, n>1, ag,a, #0,

and set B = maxo<;<,—1|a;j|, C' = maxi<;<, |a;|. Prove that all roots of the
polynomial P lie inside the annulus » < |z| < R, where
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Problem 7.

TRUE or FALSE: The family F of functions holomorphic in a unit disc with
power series f(z) = > .7 a,2" that satisfy |a,| < n*!® is normal.



Problem 8.

SetU; = {1l < |z| <2}and Uy = {0 < |z| < 1}.

a) Show that homeomorphism f : U; — U, given by f(re?) = (r — 1)e? is

not a conformal mapping;

b) Does there exist a conformal mapping g : U; — Us?



